ABSTRACT. We consider local-global principles for rational points on varieties, in particular torsors, over one-variable function fields over complete discretely valued fields. There are several notions of such principles, arising either from the valuation theory of the function field, or from the geometry of a regular model of the function field. Our results compare the corresponding obstructions, proving in particular that a local-global principle with respect to valuations implies a local-global principle with respect to a sufficiently fine regular model.
INTRODUCTION
Classical local-global principles originated in the study of algebraic structures over the rational numbers, and asserted that such a structure has a specified property over Q if and only if it has that property over Q p for all p and also for R. Later such results were generalized to arbitrary global fields. Typically a local-global principle can be rephrased as asserting that a variety Z has a rational point over a global field F if it has a rational point over each completion F v of F . In many cases, Z is a homogeneous space under some algebraic group. When Z is a principal homogeneous space (i.e., a torsor) under an algebraic group G, the localglobal principle can also be rephrased as asserting the vanishing of the Tate-Shafarevich set X(F, G) := ker(H 1 (F, G) → v H 1 (F v , G)). More generally, the set X(F, G) is the obstruction to a local-global principle holding.
In the classical case of global fields, local-global principles have been proven in a number of contexts; e.g., for quadratic forms (Hasse-Minkowski), Brauer groups (Albert-Brauer-HasseNoether), and torsors under connected rational linear algebraic groups ( [25, Corollary 9.7] , [7] ). Motivated by that classical case, analogs of the above results have in recent years been proven in the case of semiglobal fields; i.e., function fields of transcendence degree one over a complete discretely valued field K such as Q p . (For example, see [4, 9-11, 17, 19, 20, 23] .) In this situation, the geometry is richer, and there are various possible sets of overfields of F with respect to which local-global principles and the corresponding Tate-Shafarevich sets can be studied. The current manuscript aims to clarify the relationships among those obstruction sets, and among the corresponding local-global principles for rational points on smooth varieties.
In the global field case, the completions of F are taken with respect to isomorphism classes of nontrivial absolute values on F . For F of equal characteristic (the global function field case), this is equivalent to taking the completions of F with respect to the nontrivial valuations on F . All of these valuations have rank one, and they are all discrete. Moreover, they are in bijection with the closed points on the unique regular projective model C of F , which is a curve over the finite base field of F . Here the completion F P corresponding to a point P ∈ C is the fraction field of the complete local ring O C,P .
By contrast, the valuations on a semiglobal field F are not all of rank one, and those of rank one are not all discrete. This leads to several choices for the set of completions, and therefore for the local-global principle being considered. More precisely, write T for the valuation ring of the complete discretely valued field over which F is a function field. Let Ω F be the set of all nontrivial T -valuations on F (i.e., those whose valuation ring contains T ); let Ω 1 F be the set of all nontrivial rank one T -valuations on F ; and let Ω dvr F be the set of all discrete valuations on F (whose valuation ring automatically contains T ). Thus
Each of these sets then gives rise to a set of completions, and therefore to a local-global principle. If one focuses on torsors over F under an algebraic group G, then one correspondingly obtains several versions of X, which will be denoted by X Ω F (F, G), X Ω 1 F (F, G), and X dvr (F, G). In addition, there are many choices for a regular projective model X of F over the valuation ring O K of the ground field K, each with a closed fiber X ⊂ X ; for each such model and point P ∈ X, the fraction field F P of O X ,P will not in general be the completion of F with respect to a valuation. (In fact, it will be such if and only if P is the generic point of an irreducible component of X.) Taking the set of overfields {F P } P ∈X for a given model X leads to yet another choice of local-global principle. For a torsor over F under an algebraic group G, the corresponding obstruction will be denoted by X X (F, G).
In this paper, we prove the following (see Theorem 3.3):
Theorem. Let G be a linear algebraic group over a semiglobal field F . Then for any regular projective model X of F with closed fiber X,
Moreover, taking the direct limit over all such models X , we have
More generally, we prove the corresponding result concerning local-global principles for the existence of rational points on smooth varieties over a semiglobal field; see Theorem 3.1.
The significance of these results is that one is usually interested in local-global principles with respect to valuations (of a suitable type), but these can be hard to study over semiglobal fields. On the other hand, by using patching methods (as in [20] ), one can understand the obstruction to local-global principles with respect to the points on the closed fiber of a regular projective model quite explicitly, and prove that local-global principles hold under certain hypotheses. The results in this manuscript relate these two types of local-global principles. We should note, however, that it remains open whether local-global principles with respect to the set of discrete valuations are equivalent to the other types of local-global principles.
COMPLETIONS AND HENSELIZATIONS OF SEMIGLOBAL FIELDS
Let K be a complete discretely valued field with ring of integers T and residue field k. Let F be a semiglobal field over K, i.e., a finitely generated field extension of transcendence degree one over K in which K is algebraically closed. The aim of this section is to introduce certain overfields of F , defined via completions or henselizations, and to study their relationship. This will be important in the study of rational points and local-global principles in the later sections.
We will consider two types of completions in this paper, associated to prime ideals (or points) and to valuations. In general, for any commutative ring A, let I = {a i } i∈I be a set of ideals of A such that for all i ′ , i ′′ ∈ I there exists i ∈ I with a i ⊂ a i ′ a i ′′ . The I -completion of A is the projective Throughout this paper, for a semiglobal field F we will restrict attention to valuations that lie in Ω F , the set of non-trivial T -valuations on F (i.e., those whose valuation ring contains T ). By [20, Corollary 7.2] , all discrete valuations lie in that set. For each valuation v ∈ Ω F , we let F v denote the v-adic completion of F , as in the general discussion above. This gives a first collection of overfields of F .
We next define overfields that are obtained from the geometry of curves with function field F . A normal model of F is a normal integral T -scheme X with function field F that is flat and projective over T of relative dimension one. If in addition the scheme X is regular we say that it is a regular model. The closed fiber of X is X := (X × T k) red . Let X be a regular model of F with closed fiber X. The points of X consist of the closed points of X and the generic points of the irreducible components of X. For each point P in X, let O X ,P be the local ring of X at P with maximal ideal m P , let O X ,P be its m P -adic completion, and let F P be the fraction field of O X ,P . These give the second set of overfields of F . Lemma 1.1. Let X be a regular model of a semiglobal field F , and let Q be a point of X other than the generic point. If I is an ideal of O X ,Q such that I ∩ O X ,Q = (0), then I = (0).
Proof. The assertion is clear if Q is a point of codimension one, since then O X ,Q is a discrete valuation ring, and contraction induces a bijection between the ideals of the the completion O X ,Q and the ideals of O X ,Q . So we now assume that Q has codimension two; i.e., Q is a closed point of X , lying on the closed fiber X of X .
First consider the case that X = P 1 T , and let a ∈ I. By the Weierstrass Preparation Theorem (e.g., see [5, Proposition VII.3.9.6]), there exist b ∈ F and a unit c ∈ O × X ,Q such that a = bc.
, and therefore b = 0 by hypothesis. Hence a = bc = 0, as desired, in this case.
For a general X , there exists a finite morphism X → X ′ := P 
is finite, and is injective because the m Q -adic topology on O X ,Q restricts to the m P -adic topology on O X ′ ,P . The contraction of I to O X ′ ,P ⊂ O X ,Q is trivial, hence so is the contraction to O X ′ ,P by the previous paragraph. Since O X ,Q is finite over O X ′ ,P , the ideal I itself is trivial. (Alternatively, for general X , we could use [18, Proposition 3.4 ] to reduce to the case where the Weierstrass Preparation Theorem [18, Theorem 3.1(c)] applies, and then use that result to prove the lemma.)
The next lemma generalizes [20, Lemma 7.3 and Proposition 7.4 ]. First we recall that the center of a valuation v on F is a point Q on X such that O v contains the local ring O X ,Q , and such that m X ,Q = m v ∩ O X ,Q . If a center exists then it is unique, and it is not the generic point of X . Lemma 1.2. Let F be a semiglobal field, and let X be a regular model of F with closed fiber X. Then every valuation v ∈ Ω F has a center Q on X whose closure contains a point P ∈ X such that F P ⊆ F Q . If v is of rank one, then
Proof. We proceed as in the proofs of [20, Lemma 7.3 and Proposition 7.4], which considered the case of discrete valuations on F .
Let v ∈ Ω F , with valuation ring O v . The inclusion T ֒→ O v corresponds to a morphism Spec(O v ) → Spec(T ). Since X is proper over T , the valuative criterion for properness (e.g., [21, Theorem II.4.7] ) yields a morphism j : Spec(O v ) → X making the following diagram commute.
Spec(F )
Spec(T )
Let Q ∈ X be the image under j of the closed point of Spec(O v ). Thus we have an inclusion O X ,Q ֒→ O v , such that the contraction of the maximal ideal of O v is that of O X ,Q ; i.e., Q is the center of v. Further, it was shown in the proof of [20, Proposition 7.4 ] that for every point Q ∈ X other than the generic point, there is a point P ∈ X in the closure of Q such that
Finally, assume that v has rank one. Then c := min{v(f ) | f ∈ m X ,Q } > 0 since m X ,Q is finitely generated; and m
is a continuous map of topological rings, and there is an induced map O X ,Q → O v between the respective completions. This map is injective, by applying Lemma 1.1 to the kernel. Therefore it induces an inclusion of fraction fields F Q ֒→ F v .
In order to study the relationship between the fields F v and the fields F P further, we also need to consider henselizations.
Recall that a local ring O with maximal ideal m is henselian if Hensel's lemma holds in O. In particular, for X and P as above, we may consider the henselization O h X ,P of the local ring O X ,P of X at P . We may also consider the henselization O h w of a valuation ring O w associated to a valuation w on some field L.
If w is a valuation on a field L, then w and L are said to be henselian if the valuation ring O w is henselian. Equivalently, w is henselian if it has a unique extension to each algebraic field extension of L [27, Definition A.13]. Other equivalent formulations of the henselian property for valuation rings can be found in, e.g., [27, Theorem A.14].
In the above situation, the fraction field L h w of O h w is the henselization of L with respect to w. That is, it is the unique (up to unique isomorphism) valued field extension of L whose valuation is henselian and extends w, and which is universal with these properties.
In the situation of semiglobal fields F , it follows from Abhyankar's inequality (see [1] 
In studying henselizations and completions of semiglobal fields, we distinguish between two cases, based on the rank of the valuation. We first consider rank one valuations (over an arbitrary field L). Lemma 1.3. Let w be a rank one valuation on a field L.
a) The completion L w of L with respect to w is henselian.
The reverse inclusion follows from the fact that any henselian field is separably algebraically closed in its completion, cf. [28, Theorem 32.19] .
For valuations of rank two on a semiglobal field, we have the following result. 
LOCAL POINTS ON F -VARIETIES
In this section, we study varieties over a semiglobal field F that have rational points over field extensions F v (for v ∈ Ω F ) or F P (for P in the closed fiber X of a regular model X ). We begin by stating some consequences of the results in the previous section.
Proof. The forward implication is immediate, so it suffices to prove the reverse implication. As above, a valuation in Ω F that is not of rank one is a rank two valuation v = v 2 • v 1 , with each v i of rank one. By Lemma 1.4(a), the completion F v at v is equal to the completion F v 1 at the rank one valuation v 1 . Hence Z(F v ) = Z(F v 1 ) is nonempty. Proposition 2.2. Let X be a regular model of F with closed fiber X. Let Z be an F -variety. If Z(F P ) = ∅ for all P ∈ X, then Z(F v ) = ∅ for all valuations v ∈ Ω F .
Proof. First let v be any valuation in Ω 1 F . By Lemma 1.2, F v contains a field F P for some P ∈ X. Hence Z(F P ) ⊆ Z(F v ), and so Z(F v ) = ∅. The conclusion now follows from Proposition 2.1.
The next proposition allows us to deduce the existence of F h v -points on a variety from F vpoints. This will be important in proving the main assertion in this section, Theorem 2.6. Here we assume that the variety is smooth, in order to be able to cite the generalized Implicit Function Theorem. 
given by projection, is étale. Thus if x 1 is a point of U, then κ(x 1 ) is a finite separable extension of κ(φ(x 1 )).
On
Since F v is henselian for a valuation v of rank one by Lemma 1.3(a), we may apply the generalized Implicit Function Theorem (see [15, Theorem 9.2 After replacing Z by an affine open subset that contains an F P -point, we may assume that Z is an affine F -variety, say Spec(F [t 1 , t 2 , . . . , t k ]/(f 1 , f 2 , . . . , f n )). After clearing denominators, we may assume that the coefficients of the polynomials f i lie in B; that the generic fiber of the B-variety W := Spec(B[t 1 , t 2 , . . . , t k ]/(f 1 , f 2 , . . . , f n )) is Z; and that W has an O X ,P -point whose general fiber is the given F P -point of Z. By the existence of this O X ,P -point, there is a solution in O X ,P to f 1 = . . . = f n = 0. By the Artin Approximation Theorem (see [ 
]). This yields a v-adic open neighborhood
b) Let X be a regular model of F and let P be a closed point on its closed fiber X. If Z(F P ) = ∅, then there exists a finite separable extension of The next lemma is the key ingredient to the main theorem of this section.
Lemma 2.5. Consider an infinite sequence of regular models of F X = X 0 ← X 1 ← X 2 ← . . . and finite sets P i of closed points on the respective closed fibers X i of the fields X i , where each X i is obtained by blowing up X i−1 at the points of P i−1 . Let P 0 , P 1 , P 2 , . . . be an infinite sequence of points P i ∈ P i such that P i+1 maps to P i for all i ≥ 0, and consider the direct
Proof. Each local ring O X ,P i contains T by definition, hence so does O. So in order to prove the first assertion, it suffices to show that for any f ∈ F
That is, it suffices to show that for any fixed f ∈ F × , there exists an index i such that either f ∈ O X i ,P i or f −1 ∈ O X i ,P i . This condition does in fact hold, by [22, Theorem 26.2] , which states that there does not exist an infinite sequence of points P i ∈ X i ⊆ X i as in the hypothesis of this lemma, for which each P i is a point of indeterminacy for f . So O is a valuation ring on F .
To prove (1) , it suffices to show that R := lim
satisfies the properties that characterize the henselization of F with respect to v. This ring is henselian because it is a direct limit of henselian rings. For each (X i , P i ), the ring O h X i ,P i is a direct limit of étale O X i ,P i -algebras A X i ,P i ,j , and so R is the direct limit of the étale O v -algebras O v A X i ,P i ,j , as i, j vary. Since mO (1) holds. The last statement follows since construction of fraction fields commutes with direct limits and respects inclusions, and since
As above, F is a semiglobal field over a complete discretely valued field K. Theorem 2.6. Let Z be a smooth F -variety that has an F v -point for all v ∈ Ω 1 F . Then there exists a regular model X of F such that Z(F P ) = ∅ for all P in the closed fiber X of X .
Proof. Fix a regular model X 0 of F , and let X 0 denote its closed fiber. Let Y 0 be an irreducible component of X 0 . Then the generic point η of Y 0 corresponds to a valuation v of rank one (centered on η). So by assumption, Z(F v ) = Z(F η ) is nonempty. Let t be a uniformizer of K. For a nonempty affine open subset U ⊆ Y 0 that does not meet any other irreducible component of X 0 , let F U denote the fraction field of the t-adic completion of the ring of rational functions on F that are regular at U (see [17, Notation 3.3] ). By [20, Proposition 5.8] , there exists such an open U for which Z(F U ) = ∅. If P ∈ U, then F U ⊆ F P (loc. cit.), and thus Z(F P ) = ∅ for such P . Since Y 0 \ U is finite, there are at most finitely many points P ∈ Y 0 for which the set Z(F P ) is empty. Ranging over the finitely many components of X 0 , we obtain a finite (possibly empty) set P 0 ⊆ X 0 consisting of exactly those points P ∈ X 0 for which Z(F P ) = ∅.
Let X 1 be the blowup of X 0 at all points of P 0 and let X 1 be its closed fiber. By the same argument as above, there exists a finite (possibly empty) set P 1 ⊆ X 1 such that Z(F P ) = ∅ exactly for P ∈ P 1 . Let X 2 be the blowup of X 1 at all points of P 1 , etc. This process yields a chain of models X 0 ← X 1 ← X 2 ← . . . and corresponding sets P 0 , P 1 , P 2 , . . . of closed points on their respective closed fibers.
We claim that the disjoint union P := i≥0 P i is finite. This claim immediately implies that the chain of models X 0 ← X 1 ← X 2 ← . . . terminates in some model X M =: X for which P M = ∅. That is, the model X satisfies Z(F P ) = ∅ for all points P in its closed fiber X, as required.
It remains to prove the claim. Suppose to the contrary that P is infinite. For j ≥ i, we say that a point Q on X j lies over a point P on X i if Q maps to P under the sequence of blowups X i ← · · · ← X j . Note that each point of P 1 lies over some point of P 0 , and similarly each point of P i+1 lies over some point of P i , for all i ≥ 1. Since P is infinite and P 0 is finite, there exists a point P 0 ∈ P 0 such that infinitely many points in P lie over P 0 . Inductively, if P i ∈ P i is a point such that infinitely many points in P lie over P i , there is a point P i+1 ∈ P i+1 lying over P i , such that infinitely many points in P lie over P i+1 . This defines an infinite sequence of points P 1 , P 2 , . . ., since P is infinite. Here
Consider the direct limit O := lim − →i O X i ,P i . By Lemma 2.5, the ring O is a valuation ring with respect to some valuation v on F . If v has rank one, then Z(F v ) = ∅ by assumption, and consequently Z(F 
, and thus
where the equalities hold because F P i ⊆ F P i+1 . This contradiction proves the claim.
Remark 2.7. a) The model given by Theorem 2.6 also satisfies the a priori stronger assertion that Z(Frac(O h X ,P )) = ∅ for all points P in the closed fiber X of X , by Proposition 2.3(b). b) In Theorem 2.6, instead of assuming that Z is smooth, we could assume the existence of a smooth F v -point for every v, since we could apply the theorem to the smooth locus of Z.
LOCAL-GLOBAL PRINCIPLES FOR RATIONAL POINTS
In this section, we use the results of Section 2 to deduce results on local-global principles. Subsection 3.1 treats local-global principles for varieties, while Subsection 3.2 concerns localglobal principles for torsors.
As before, F is a semiglobal field over a complete discretely valued field K with ring of integers T . Let Ω F denote the set of valuations on F whose valuation ring contains T , write Ω 1 F for the subset of valuations of rank one whose valuation ring contains T , and write Ω dvr F for the subset of discrete valuations. For a regular model X of F with closed fiber X, let Ω X denote the set of points P of X.
3.1. Local-global principles for F -varieties. Let Z be a smooth F -variety We say that Z satisfies a local-global principle with respect to a set {F i } i of overfields of F if Z(F i ) = ∅ for all F i implies that Z(F ) = ∅. The results in Section 2 immediately give the following theorem: Theorem 3.1. Let Z be a smooth variety over a semiglobal field F . Then the following are equivalent: a) There is a regular model X of F such that Z(F P ) = ∅ for all points P in its closed fiber X.
Proof. The assertion a) implies c) by Proposition 2.2. Trivially c) implies b). The fact that b) implies a) holds by Theorem 2.6. Note that the model of F in Theorem 3.1 a) may depend on Z as well as on F . The above theorem implies for any fixed smooth F -variety Z, there exists a suitable model X of F with closed fiber X such that if Z satisfies a local-global principle with respect to {F P | P ∈ X}, then Z satisfies a local-global principle with respect to {F v | v ∈ Ω F }, or equivalently with respect to {F v | v ∈ Ω 1 F }. Conversely, if Z satisfies a local-global principle with respect to {F v | v ∈ Ω 1 F }, then it satisfies a local-global principle with respect to {F P | P ∈ X} for every regular model X of F with respective closed fiber X, by Lemma 1.2. Thus we obtain the following consequence.
Corollary 3.2. Let Z be a smooth variety over a semiglobal field F . Then Z satisfies a localglobal principle with respect to {F v | v ∈ Ω F } (or equivalently, with respect to {F v | v ∈ Ω 1 F }) if and only if Z satisfies a local-global principle with respect to {F P | P ∈ X} for every regular model X of F with closed fiber X.
3.2.
Local-global principles for torsors. Let G be a linear algebraic group (i.e., a smooth affine group scheme of finite type) over F . We now define and compare several obstruction sets to the existence of global F -points on torsors under G.
Recall that each G-torsor over F is represented by a class in the pointed set H 1 (F, G), and that this class is trivial if and only if the torsor has an F -point. As discussed in the introduction, we have the following obstruction sets to local-global principles:
Here the kernel of a map of pointed sets is by definition the preimage of the trivial element.
Since Ω dvr F ⊆ Ω 1 F ⊆ Ω F , it follows that the above obstruction sets are related by containments as well:
Finally, for any regular model X of F with closed fiber X, we let X X (F, G) = ker H 1 (F, G) → P ∈X H 1 (F P , G) .
By the previous subsection, we obtain: Theorem 3.3. Let G be a linear algebraic group over a semiglobal field F . Then
for any regular model X of F . Moreover, taking the direct limit over all such models X , we have
Proof. If Z is a G-torsor over F , then Z is smooth (because G is). Proposition 2.2 shows that X X (F, G) ⊆ X Ω F (F, G) for any regular model X of F , and so lim − →X X X (F, G) ⊆ X Ω 1 F (F, G). The asserted equalities follow by applying Theorem 3.1 to Z.
It is an interesting open problem to understand the relationship between X Ω 1 F (F, G) and X dvr (F, G); in particular, whether the inclusion is an equality.
